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Abstract

There is evidence showing that vertical transmission of dengue virus exists in Aedes
mosquitoes. In this paper, we propose a deterministic dengue model with vertical
transmission in mosquitoes by including aquatic mosquitoes (eggs, larvae and pupae),
adult mosquitoes (susceptible, exposed and infectious) and human hosts (suscepti-
ble, exposed, infectious and recovered). We first analyze the existence and stability
of disease-free equilibria, calculate the basic reproduction number and discuss the
existence of the disease-endemic equilibrium. Then, we study the impact of vertical
transmission of the virus in mosquitoes on the spread dynamics of dengue. We also
use the model to simulate the reported infected human data from the 2014 dengue
outbreak in Guangdong Province, China, carry out sensitivity analysis of the basic
reproduction number in terms of the model parameters, and seek for effective control
measures for the transmission of dengue virus.
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1 Introduction

Dengue is regarded as the most prevalent and rapidly spreading mosquito-borne viral
disease of humans. It is endemic in more than 100 countries in southeast Asia, the
Americas, the western Pacific, Africa and the eastern Mediterranean regions (Guzman
and Harris 2015). As many as 400 million people are infected yearly (CDC 2016).
Over 2.5 billion people (over 40% of the world’s population) are now at risk from
dengue (WHO 2018). There are four distinct but closely related serotypes of the
dengue virus, DENV-1,2.3.4. Aedes aegypti and Aedes albopictus are the main vector
transmitters of the dengue virus. In tropical and subtropical regions, the disease shows
a resurgent pattern with yearly epidemics, which starts typically in the months with
heavy rains and heat, peaking about three or four months after the beginning of the
rainy season. It is believed that vertical transmission in mosquitoes with a fraction of
the eggs remaining infected leads to the re-appearance of dengue in the same regions
(Monath and Heinz 1996).

In China, Aedes albopictus is the most important mosquito in dengue transmission
(Baietal.2013). It can breed in various small containers or plants that hold accumulated
water (such as tree holes, bamboo stems or leaf axils). Sporadic cases and outbreaks of
dengue in the southeast coast regions and the middle and lower reaches of the Yangtze
River were documented in the early 1940s, and no cases were reported until 1978
when a sudden outbreak occurred in Foshan, Guangdong Province. Since then, all
four serotypes of dengue have been recorded (Wu et al. 2010). Before 2010, dengue
was characterized as an imported epidemic disease and had not been confirmed to
be endemic. From 1978 to 2014, a total of 708,073 human dengue fever cases were
reported in Mainland China (Chen and Liu 2015), in southeastern provinces including
Guangdong, Hainan, Guangxi, Fujian, Zhejiang and Yunnan Provinces. In2014, alarge
outbreak of dengue with the most documented human cases occurred in Guangdong
Province (HDGD 2017).

In recent years, Guangdong Province has had the highest incidence of dengue in
China with cases reported every year, and dengue infections have been reported in
Guangdong every year since 2004 (Fig. 1). Guangdong Province is located in the
southeast of Mainland China, adjacent to Hong Kong and Macao Special Adminis-
trative Regions, covering about 179,800 km?. The average temperature of September
of Guangdong Province was 28.1°C in 2014, which was 1.3 °C more than usual
(GMS 2016). The average temperature of November was 24.8 °C in 2014, which was
0.9 °C more than usual (GMS 2016). There were more than 101 million visits by
international travelers in 2013 (SBGP 2013). Aedes albopictus mosquito has been
displacing the domestic Aedes aegypti mosquito in Guangdong Province to become
the major vector of dengue. There was a serious and large-scale outbreak of dengue
with 45,129 human cases reported in more than 20 cities of Guangdong Province in
2014, including Guangzhou (37,331 cases), Foshan (3540 cases), Zhongshan (678
cases), Jiangmen (594 cases), Zhuhai (505 cases), Shenzhen (447 cases), Qingyuan
(296 cases), Yangjiang (289 cases), Dongguan (286 cases), Zhaoqing (276 cases),
Shantou (245 cases), Zhanjiang (230 cases), and so on (HDGP 2014).

Various models have been proposed by researchers to study the transmission dynam-
ics of dengue virus investigating different aspects of its spread and behavior, from
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Fig.1 The yearly reported dengue cases in Guangdong Province (a) from 2004 to 2012 and (b) from 2013
to 2015 (HDGD 2017)

standard mosquito-borne disease models (Esteva and Vargas 2000; Focks et al. 1995)
to models incorporating space (Chowell et al. 2013; Favier et al. 2005; Robert et al.
2016), seasonality and temperature dependence (Andraud et al. 2013; Bartley et al.
2002; Coutinho et al. 2006; Katri 2010; Stoddard et al. 2014), cross-immunity with
multiple strains (Wearing and Rohani 2006; Feng and Velasco-Hernandez 1997), and
effectiveness of control measures (Atkinson et al. 2007; Chao et al. 2013; Pinho et al.
2010). Vertical transmission of dengue virus has been observed in wild Ae. aegypti and
Ae. albopictus mosquitoes (Hull et al. 1984; Kow et al. 2001; Pherez 2007). Mathemat-
ical models have also been proposed to investigate the effect of vertical transmission
of dengue virus in mosquitoes (Esteva and Vargas 2000; Adams and Boots 2010). Li
et al. (2016) and Tang et al. (2016) developed mathematical models to characterize
the transmission dynamics of the 2014 dengue outbreaks in Guangdong Province.

It is evident that vertical transmission in mosquitoes with a fraction of the eggs
remaining infected leads to the re-appearance of dengue in the same regions (Monath
and Heinz 1996), and it has been suggested that vertical transmission is one of means
by which dengue virus persists. However, it is unclear how widespread vertical trans-
mission is in nature and how important vertical transmission is in the epidemiology
and control of dengue. Via mathematical modeling, Esteva and Vargas (2000) exam-
ined vertical transmission of dengue virus and suggested that vertical transmission
favored endemic dengue fever and could be important in areas of low human density.
The mathematical models of Coutinho et al. (2006) indicated that vertical transmission
could help dengue virus to survive through seasons of low adult vector populations.
Adams and Boots (2010) considered an extensive model to examine the impact of ver-
tical transmission on the epidemiology of dengue virus and concluded that it would
be unlikely that vertical transmission was important to the ecological dynamics of
dengue virus.

In this paper, in order to study the impact of vertical transmission of the virus
in mosquitoes on the spread dynamics of dengue between mosquito vectors and
human hosts, we propose a deterministic dengue model with vertical transmis-
sion in mosquitoes by including aquatic mosquitoes (eggs, larvae and pupae), adult
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mosquitoes (susceptible, exposed and infectious) and human hosts (susceptible,
exposed, infectious and recovered). We first analyze the existence and stability of
disease-free equilibria, calculate the basic reproduction number and discuss the exis-
tence of the disease-endemic equilibrium. Then, we study the impact of vertical
transmission on the dynamics of the model. Finally, we use the model to simulate the
reported infected human data from the 2014 dengue outbreak in Guangdong Province,
China, carry out sensitivity analysis of the basic reproduction number in terms of the
model parameters, and seek for effective control measures for the transmission of
dengue virus.

2 Mathematical Model

For simplicity, only a single serotype model is considered in this paper. We describe the
dynamics of dengue in its three components of transmission: the aquatic mosquitoes
(including the eggs, larvae and pupae), the adult mosquitoes and human hosts. We
divide the aquatic mosquitoes into subgroups of susceptible (Sa) and infected aquatic
mosquitoes (/4). The incubation period for adult mosquitoes lasts between 10 and
12 days for an average mosquito lifespans raging from 11 to 20 days and there-
fore should not be ignored in the transmission of dengue. The adult mosquitoes are
divided into susceptible (Ap), exposed (Enp) and infectious (/1) subgroups. Similar
to the assumption in Coutinho et al. (2006), the mosquito population follows a logistic
growth. Evidence shows that vertical transmission of the virus exists in mosquitoes
(Buckner et al. 2013), which is described by the term (1 — v) upmIm(1 — ],Z]—:). The
human population is divided into susceptible (Sy), exposed (Ey), infectious (/) and
recovered (Ry) subpopulations. We assume that people are immune after they recover.

We construct the model based on the dengue outbreak in Guangdong Province of
China in 2014. The total population of Guangdong Province was 106.44 x 10° in 2013,
the birth rate was 10.71, and the newborn population in 2013 was 1,137,300 (SBGP
2014). Thus, the newborn population per day was 3116. The mortality population in
2013 was 498,000, and the mortality rate was 4.69 (SBGP 2014). Then, the mortality
population per day was 1364 and the mortality rate per day was 1.28 x 107>, Till
October 31, the total reported dengue-related deaths in 2014 was 6, which is very
small compared with the total of 42, 358 reported dengue-infected cases in Guangdong
Province. Therefore, we ignore the disease induced mortality rate of humans, i.e.,
assume the dengue mortality in humans is 0, and the only loss for humans is natural
death with the rate 5y. The transmissions from mosquitoes to humans and from humans
to mosquitoes are described by Ay SH,{/—';& and Ay SMI{/—*L, respectively.

The features of transmission are illustrated in Fig. 2, and the mathematical model
is described by the following ordinary differential equations:

@ Springer



Analysis of a Dengue Model with Vertical Transmission...

N
Lbta/ (S + Ey)+ Vit 1,10 =20 A=y I, (1 —%)
3
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, A e e
4 i
3,8, 8,1, | - - |1
- SA [A —> Aquatic mosquitoes :
PSa I%Ew [Zh
s ———————
1
31Sur Ayl YuEn Syl
i SM > EM > IM [ |Adu|tmosquitoes |
,,,,,,,,,,, ~‘~\\,/,w’/
T
: """"" 1_,/:‘\\
B . St YuEu aly :
. s, E, 1 Ry [wumons ]

Fig.2 Flowchart of the dengue model (1)

dSa Na
o - [um(Sm + Em) + vumiv] <1 - E) — ¢SA — 0ASA,
dia Na
— ={=vumim |1 — — | —@Ian —Sala,
M Iy
—— = ¢Sa — bPumSM— — dmSwm,
dr Ny
dEm Iy
X bBumSM— — ymEM — dMEMm
dl NH
d—;v[ =ymEM — dmIm + @14, (D
dSy SH
— = B — bpvuIm— — duSH,
iF s M
H H
rrake bBvuImM— — yuEH — SuEH,
t Ny
dlg
e YHEH — qly — Suly,
dRy
—— =qglyg — SyRy.
dr q1H HI\H

The parameters are listed in Table 1, and the variables are described as follows:

Sa(¢) = 0: The number of susceptible aquatic mosquitoes including the suscepti-
ble eggs, susceptible larvaes and susceptible pupae at time ¢;

IA(¢) > 0: The number of infected aquatic mosquitoes including the infected eggs,
infected larvaes and infected pupae at time ¢;

Na(t) = Sa(t) + Ia(t) > 0: The total population of aquatic mosquitoes including
the eggs, larvaes and pupae at time #;

Sm(#) = 0: The number of susceptible adult mosquitoes at time ¢;

Ewm(t) = 0: The number of exposed adult mosquitoes at time ;

Iv(t) > 0: The number of infectious adult mosquitoes at time ¢;
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Table 1 Parameter description

Parameter Interpretation

Value

References

UM The birth rate of mosquitoes

SA The death rate of aquatic mosquitoes

kA The carrying capacity of aquatic mosquitoes

M The death rate of adult mosquitoes

] The maturation rate of aquatic mosquitoes the
proportion of mosquito eggs

1—v Laid by an infected female mosquito that is
infected and female

Bum The probability of transmission from humans to
mosquitoes

BMH the probability of transmission from mosquitoes
to humans

b Biting rate

Recruit for humans

Sy Natural mortality rate of humans

™M The progress rate of adult mosquitoes from
exposed to infectious

YH The progress rate of humans from exposed to
infectious

q The recovery rate of humans

0-11.2 per day
0.01-0.47 per day

0.02-0.09 per day
0-0.19 per day

11.11%

0.76 (bite/mosquito)
3116 per day

1.28 x 1073

0.1 per day

0.125-0.25 per day

1/6 per day

Pinho et al. (2010)
Pinho et al. (2010)

Pinho et al. (2010)
Pinho et al. (2010)

Buckner et al. (2013)

Scott et al. (2000)
SBGP (2014)

Rigau-Pérez et al.
(1998)

Rigau-Pérez et al.
(1998)

Halstead (2007)

Num(t) = Sm(t) + Em(t) + Iv(¢) > 0: the total population of adult mosquitoes

at time ¢;

Su(#) > 0: The number of susceptible humans at time ¢;
Ey(t) > 0: The number of exposed humans at time ¢;
Ig(t) > 0: The number of infectious humans at time ¢;
Ry (t) = 0: The number of recovered humans at time ¢;
Nu(t) = Su(t) + Ex(t) + Iu(t) + Ru(¢) > 0: the total population of humans at

time f.

From system (1), we have the following system of the total populations of aquatic

mosquitoes, adult mosquitoes and humans

dNa Na
A mNu (1= 22) —
2 (1)
Nm

—— = ¢pNa — SMNM,

a1 ¢NA — SMNMm
dNyg

—— = B — 5gNH.

dt

(¢ + SA)Na,

Define the net reproductive number for system (2) by

) Ume
ro
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Then, we have the following result on the population dynamics of the mosquitoes and
humans.

Theorem 1 The equilibrium (0, 0, Nyo) of system (2) is locally asymptotically sta-
ble if ro < 1 and unstable if ro > 1. Moreover, if ro > 1, one more equilibrium
(Nao, NMmo, Nuo) of system (2) arises, which is locally asymptotically stable if it
exists, where

ka(ume — dme — dadm) N ka(ume — dme — dadm) B
= 5 MO = 5 NHO = < -

Nao
UM UMM Su

Proof 1t is easy to see that system (2) always has an equilibrium (0, 0, Nyg) with
Nuo = B/éu. Moreover, the equilibrium (Nao, Nmo, NHo) existsifand only ifrg > 1.

The eigenvalues of the Jacobian matrix for system (2) at (0, 0, Nyo) satisfy the
following equation

O+ )2 4 (@ + 8a + MDA + (¢ + 8a)8m — dppm) = 0.

Thus, if ume < SadMm+dme, i.e.,ro < 1, (0, 0, Nyo) is locally asymptotically stable,
while it is unstable if uyep > da0Mm + Mm@, i.e., ro > 1. O

3 Existence and Stability of Equilibria

Since Np > 0, N > 0and Ny > 0, system (1) always has a disease-free equilibrium
Eo = (0,0,0,0,0, Nyo, 0, 0, 0), which indicates the elimination of mosquito popu-
lation as well as the infection-free state for humans. Moreover, if ry > 1, there is one
more disease-free equilibrium of system (1). Eg = (Nao, 0, Nmo, 0, 0, Nyo, 0, 0, 0),
where Nao, NMo, NHo are stated as above. Biologically, the second disease-free equi-
librium Eo means that the aquatic mosquitoes, adult mosquitoes and humans persist
and are free of infection of dengue virus, which makes more sense and is more inter-
esting.
Firstly, we consider the stability of Egy and have the following result.

Lemma 1 The disease-free equilibrium Eqy is locally asymptotically stable if ro < 1
and unstable if ro > 1.

Proof The eigenvalues of the Jacobian matrix for system (1) at Eqg satisfy the follow-
ing equation

A 480> + g + 85) A + 81 + i) (A + 8 + ym)
SOF 4 (B + OM + @A + 8adM + SmP — M)
SOF 4 (B 4 OM + @A+ vimd + Sadm + Smg — me) = 0.

Therefore, if uve < dadm + dMm@, 1.e., ro < 1, Eq is locally asymptotically stable,
while Eqq is unstable if uy¢p > da0Mm + Sm@p, i.e., rg > 1. O
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Next we discuss the stability of the disease-free equilibrium Ey when it exists.
From Diekmann et al. (1990, 2010) and van den Driessche and Watmough (2002), we
obtain that

0 o U=mGate) 0
0 0 3 0 bBuaMka SH (UM P —dMP—SA M)
Bémum
F=10 o0 0 0 0
0 0 bBmu 0 0
0 0 0 0 0
and
¢+ da 0 0 0 0
0 yw+dém O 0 0
V= —¢ —M SM 0 0
0 0 0 yu+dég O
0 0 0 —yu q-+du

The principal eigenvalue of FV ~! satisfies the following equation

W= Cih+Co=0, 3)
where
Co= b2k B v ve MO (SadM + (Sm — MM)¢)7 Cl=1—v.
B(q + 81) (v + S1)83; (vm + S ium
Thus, let

1
Ro1 = 3 (C1 +,/C12—4C0>.

Following van den Driessche and Watmough (2002), we have the following lemma.

Lemma 2 Whenry > 1, the disease-free equilibrium E exists, and it is asymptotically
stable if Ry < 1, while it is unstable if Ry > 1.

Define the basic reproduction number as

bk a B BvH YH YMOH MO

Rp := .
b2k BumBMuYHIMSHIM (8A + &) + B(q + 81) (vr + 8183 (¥ + Snm) iemv

We have the following results.

Theorem 2 There is one locally asymptotically stable disease-free equilibrium of sys-
tem (1) either Eop or Eo, if Ry < 1 and ro # 1. Both disease-free equilibria Eyy and
Eq are unstable if Ry > 1.
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Proof From Lemma 1, we know that E is asymptotically stable if ro < 1. If upep >
da0M + Sm@, then E( is unstable and E( exists. Moreover, the conditions

ro > 1,
{Rm <1, @
are equivalent to
ro > 1,
{Ro <1, ©)

which guarantee that Eg is asymptotically stable by Lemma 2. Therefore, if either
ro < 1 or (5) holds, i.e., Ry < 1 and ro # 1, then there is one asymptotically stable
disease-free equilibrium. Furthermore, when Ry > 1, we have ro > 1 and Ro; > 1,
which imply that both Eqy and E( are unstable. O

Next, we discuss the endemic equilibria of system (1). Note that No = Sa + Ia,
Nv = Sm+ Em+ Iv and Ng = Sy + Eg + Ig + Ry. Thus, system (1) is equivalent
to the following system:

Wa _ amaa (1= 22) — g+ 500N
a = HmNum T A)Na,
dia A
A _ (- (1= 22) — ¢l —sala,
ar ( V)MMM( kA) @In —Sala
dNm
—— = @dNA — MmN,
d%rM Iy
? = bBum(Nm — Em — IM)N—H — ymEM — dMEM
d
d_iw = yMEM — dmIm + @14, (6)
dNyg
? = B — 6yNg.

H SH
—— =B —bBvuIM— — duH,
dt Ny
el bpmuIM — — yuEn — éuFEn,

t Nu
dlg
o yaEu — qln — duln.

We obtain the existence of the disease-endemic equilibrium.

Theorem3 E* = (Nao, I}, Nmo. Exy. Iyt NHo. Siy» Efy, Ify) is the unique disease-
endemic equilibrium of system (6), which exists if and only if Ry > 1, where
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k )
Nao = A(uMP—SMP—848Mm)

. PM® ’
It = (I_UZ;MSM’
_ ka(ume—dmo—3adm)
Nwio = =
€ I]T/[‘SMV
Ey = vt
I — b2 Bev BMESHVE YMAA (OM (9+84) — M)+ B8 (YM+M) (vH+88) (9 +81) My
M~ B umOMbBmH (b Bram O i (SMV+ym) +om (vm+m) (i +81) (g +01))
NHo = 5
SF — 1
H ™ su(B+bpmuly)’
E¥ — BhﬁMHIf/I
H ™ (yu+0u)(B+bpmu Iyy)
I* = yuBbBvn Iy

H ™ (yu+6n)(q+8u) (B+bpmulyy)

Proof To discuss the disease-endemic equilibrium, we consider the positive solutions
of the following algebraic equations:

Na
UMNM (1 - E) — (¢ +38A)NA =0, (7a)
Na
I =vumim(1- W) @Ia —dalp =0, (7b)
¢Na — dmNm =0, (7c)
1
b (Nat — Ext — In) 5 — ymEmt — dmEnt = 0. (7d)
H
B — (SHNH = (), (76)
SH
B —bBvuIvM— —éuSu =0, (71)
Ny
SH
bBvuIm—— — yuEn — duEn =0, (72)
Ny
YHEH —gly — éyly = 0. (7h)

From Egs. (7a), (7¢) and (7e), we know that the positive solutions satisfy No = Nao,
Ny = Nwmo and Ng = Npo, where Nao, Nvo and Ny are given in Sect. 2. Substituting
Nao, Nmo and Ny into the equations and solving (7b), (7e) (7f), (7g) and (7h), we
obtain that

(I =v)umim Nao (1 —=v)Ivdm
Ih=——"——|l-—"— ) =—m—,
n ka 0]
1 1— N Ivé
EM=—M<8M—¢( V)M <1_ A0>>: MMV’
™M n1 ka ™M
BNyo
SH = ,
Nuodu + bBmu v
BbpByvuIm

n3(NuodH + bpvulv)’
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Table 2 Conditions for the existence and stability of equilibria of system (1)

Conditions of Rg Conditions of rq Equilibria and stability
Ry <1 rg <1 E( stable
ro > 1 E( unstable
E stable
Ry >1 ro > 1 E( unstable

E( unstable
E*

= yYaBbpvuIm
1413 (Nuodu + bBvuIm)’

where 11 = ¢ + A, 12 = ¥m + M, 13 = yu + 8u and n4 = g + Sy. Substituting
Ewm, Iy and Ey into (7d), we have the following equation

(1 —v) Nao M v Bb? Bum v Im
Nyo+Iv | ——um (1 - == ) -1-—
YM1 yMm /) nan3 (NHodH + bBmuIM)

Ik <6M AR (1 _ M)) —0
™ n ka

Since we only consider the positive solutions, the equation is reduced into a linear
equation

co+cilm=0, (8)
where
= —— (bzﬂHMﬁMHrSHVHVMkA (Omm — um¢e) + 881%4772773774MMV) ,
UMIMSH
bBvn B
cr=— (bBumSuyn (OMV + ym) + dMman3na) -
Clearly, ¢; > 0. There is only one solution of equation (8), Iy = —cp/c1, which is

positive if and only if ¢y < 0. Moreover, cp < 0if and only if Ry > 1. Therefore, there
is a unique disease equilibrium E* of system (6), which exists if and only if Ry > 1.
]

The results in the theorems and lemmas in this section are summarized in Table
2. Notice that r9 = 1 is the threshold value for the existence of the disease-free
equilibrium Eg and Ry = 1 is the threshold value for the existence of the endemic
equilibrium E*. Moreover, Ry < 1 implies the existence and stability of either Eqg or
Ey. Thatis, when Ry < 1, an infectious individual will infect less than one individual.
Therefore, strategies that control Ry under 1 will eliminate the virus in the long term.
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4 The Impact of Vertical Transmission in Mosquitoes

In this section, we discuss the impact of vertical transmission of virus in mosquitoes.
Firstly, we consider the case of blocking the transmission between mosquitoes and
humans, i.e., we assume that b = 0. Then, Ry < 1. Therefore, there is always one
asymptotically stable disease-free equilibrium of system (1).

In fact, for this case, instead of system (1), we can discuss the following two
subsystems separately: for mosquitoes

dSa Na
ke [um(Sm + Em) +vumiv] {1 — ) @SA — 6ASA,
dia Na
— =U-vumIm (1 — —— ) — ¢la — Sala,
dr ka
ds;
d—;vl = ¢pSA — IMSM, 9)
M L Ev - SuE
ar YMEM MLM
df
d_iw = ymEM — dmim + @l

and for humans

ds
= B — suSu.

—— = —yuEn — dukn,
(10)

W =qglg — SuRu.

Clearly, the disease-free equilibrium Eoyg = (B/éy, 0, 0, 0) is the unique equilib-
rium of (10), which is always asymptotically stable. For subsystem (9), there is a unique
equilibrium (0, 0, 0, 0, 0) which is asymptotically stable if rp < 1. When rg > 1, the
disease-free equilibrium (0, 0, 0, 0, 0) of (9) is unstable and another disease-free equi-
librium (Sa0, 0, Smo, 0, 0) of (9) exists, where Sao and Syip have the same expressions
as those in Sect. 3. Furthermore, the eigenvalues of the Jacobian matrix of (9) satisfy
the equation

A+ +5a) A+ M)A+ M+ ym)
(kar? 4 (Saka + Smka + kad + uSmo)x + kajine — kadadu — kadme) = 0.

It implies that every eigenvalue has a negative real part and the equilibrium
(Sa0, 0, Smo, 0, 0) of (9) is asymptotically stable. Moreover, there is no disease-
endemic equilibrium of (9). Therefore, if we can block the transmission between
mosquitoes and humans, then dengue will be eliminated not only in humans but also
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in mosquitoes, even if there is vertical transmission within mosquitoes. However,
b = 0 is a limit case, which is difficult to be achieved.

Next, we will discuss the impact of v (the proportion of mosquito eggs laid by an
infected female mosquito that is infected and female) on the transmission of dengue
virus when b # 0, i.e., the impact of v on the basic reproduction number Ry. Clearly,
Ry < 11is equivalent to

Bnan3nadyiim

uMP — dm(Sa + @) < v.
b%ka Bum BvH Y YMOH

(11)

When rg < 1, i.e., um¢ — dm(8a + @) < 0, (11) holds for any v > 0. When rg > 1,
(11) is equivalent to

(UM — Sm(8a + ¢)b*ka Brum By Vi YMOH
B(g + yi)(vu + 1) (ym + Sm)Z ium

> 0. (12)

Note that 0 < v < 1. The solution of v for (12) is an empty set if

(M@ — Sm(Sa + $)D?ka Brv BvH Y YMOH
B(q + yu)(yu + 8u) (ym + Sm)S31m

> 1,

ie.,

B(q + vi) (vu + 8u) (vm + Sm)S3um
(Mm@ — dM(BA + @) kayHYMOH

b* BumBun > (13)

Therefore, under the condition (13), Ry > 1 forany 0 < v < 1. We conclude with the
following results:
Theorem4 [fro > 1 and

B(q + vi)(vu + 81) (vm + Sm)SF ium
(um@ — dm(Sa + @))kayaymon

b?BrmBmu <

then Ry < 1 is equivalent to

Lo (hmg —dm@Ga + $))b*ka B Pvu YHYMOH
B(q + yi)(vu + 81) (vm + Sm)8F ium

(14)

Otherwise, if ro < 1, then Ry < 1 forany 0 <v < 1, ifrg > 1 and

B(q + yi) (yu + 8u) (vm + dm)83im
(um@ — dm(Ba + ¢))kayuymou

b* BamPuu > > 0,
then Ry > 1 forany) <v < 1.
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Time
Fig. 3 Simulation of the data on reported dengue-infected human cases in Guangdong Province from

September 22 to October 30, 2014 using model (1). The solid curve represents the solution Iy(¢) (the
number of infectious humans) of model (1)

Thus, if the net reproductive number o < 1, then Ry < 1 no matter how large v is;
ifrg > 1 and b? Bum BuvH is small enough, then the value of v affects Ry;if rop > 1 and
bZﬁHM Bmm is large enough, then Ry > 1 no matter how small v is. It indicates that
the value of v affects Ry only if the birth rate of mosquitoes is large enough (i.e., the
mosquitoes persist) and the transmissions between mosquitoes and humans are small
enough but not vanishing.

5 Numerical Simulations and Sensitivity Analysis

In this section, we first use the model to simulate the reported human data from the 2014
dengue outbreak in Guangdong Province. Then, we perform some sensitivity analysis
to demonstrate how the basic reproduction number Rp depends on the parameters and
how the solutions, especially the number of infetious humans /i (), depend on some
parameters.

During the dengue outbreak in 2014, the Department of Health of Guangdong
Province reported daily data from September 22 to October 30, which were the dates
with mostinfected human cases. Assume that every clinically ill individual was eligible
to look for medical help and was reported to sanitary authorities; that is, the reported
daily data reflect the daily infectious human dengue cases. Based on our model with
parameters in Table 1, we simulate the daily infectious human cases from September
22 to October 30 as shown in Fig. 3.
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Fig.4 Plots of the basic reproduction number Ry in terms of (a) By (the probability of transmission from
humans to mosquitoes), (b) Smpy (the probability of transmission from mosquitoes to humans), and (c) b
(biting rate)
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Fig. 5 Plots of the basic reproduction number R in terms of (a) kp (the carrying capacity of aquatic
mosquitoes), (b) wy (the birth rate of mosquitoes), (¢) §a (the death rate of aquatic mosquitoes), and (d)
8M (the death rate of adult mosquitoes)

Figure 4 shows that R increases as either fygm or Svp or b increases. Ry < 1
requires that both Sgm < 0.1 and Svp < 0.1. Thus, mosquito biting precaution is the
direct method to prevent the transmission of dengue.

Figure 5a shows that R increases as the carrying capacity of aquatic mosquitoes ka
increases. Moreover, if kp is larger than 3 x 10!, which is much more than the human
population (1.5 x 10%), then the basic reproduction number Ry > 1. Comparing 5a
with b, c and d, we know that ko influences Ro more than 1y, 84 and 8y do. Therefore,
cleaning gathered water, which can reduce kp effectively, is useful for reducing Ry.
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Fig.6 The dependence of the solution of the number of infectious humans iy () as a function of time on
different parameter values. (a) ka; (b) un; (€) dpv; and (d) 54

Furthermore, Fig. 6 shows that Ijj(#) depends sensitively on ka, (m, 6o and .
That is, both cleaning gathered water and killing mosquitoes can help to reduce the
spread of dengue from mosquitoes to human hosts.

6 Discussion

In order to study the impact of vertical transmission of the virus in mosquitoes on the
spread dynamics of dengue between mosquito vectors and human hosts, in this paper
we proposed a deterministic dengue model with vertical transmission in mosquitoes
by including aquatic mosquitoes (eggs, larvae and pupae), adult mosquitoes (suscep-
tible, exposed and infectious) and human hosts (susceptible, exposed, infectious and
recovered). We first analyzed the existence and stability of disease-free equilibria,
calculated the basic reproduction number, and discussed the existence of the disease-
endemic equilibrium. The key control threshold is the basic reproduction number
Ry < 1 and rg # 1, which implies that either rp < 1 or Ryp; < 1. From the stability of
the first disease-free equilibrium E(g, we knew that if r( is small enough (< 1), then
E is stable and mosquitoes will die out. That is, if we can control the growth of the
mosquito population, then dengue could be eliminated. There are several methods to
control rg. The first and most effective one is to reduce the birth rate of mosquitoes
and increase the death rate of adult mosquitoes. When iy is small enough and 8yp is
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large enough such that uy — év < 0, then rg < 1 holds. If it fails, i.e., up — dm > O,
the second measure is either decreasing the growth rate ¢ such that

SMOa
UM — M

or increasing the death of immature mosquitoes 55 such that

(UM — M) P
> .

1)
A oo

Both measures can reduce rg to be less than 1.

If it fails to control 7, then the mosquito population persists, the new key point to
control the transmission of dengue is to reduce Ry so that it is less than the unity. This
can be achieved by controlling the transmission between mosquitoes and humans.
We also discussed the impact of vertical transmission on the dynamics of the model.
From the analysis in Sect. 4, if we can block the transmissions between humans and
mosquitoes, then the disease will be eliminated even vertical transmission of virus
in mosquitoes exists. We notice that Theorem 4 shows that when the transmissions
between humans and mosquitoes exist but small, a large enough vertical transmission
rate in mosquitoes can increase Rg. That is, under certain conditions, increase of
vertical transmission in mosquitoes could lead to the endemic state of dengue.

The average temperature in Guangdong Province is 21.8 °C. The coldest in January
is 13.3°C (GMS 2013). The temperature is suitable for the survival of mosquitoes.
That is, ro > 1 in Guangdong Province. Our study shows that vertical transmission in
mosquitoes affects the transmission of dengue virus in this case. We believe that this
is one of the reasons that dengue virus has existed in Guangdong Province for years
as shown in Fig. 1, and it is difficult to eliminate the virus.

The large outbreak of dengue in Guangdong Province in 2014 has inspirited a num-
ber of studies on the driving forces, characteristics, epidemiology and transmission
dynamics of this outbreak. It has been suggested that high temperature, drenching rain,
rapid urbanization, pandemic of dengue in Southeast Asia (Shen et al. 2015), higher
number of imported cases in May and June (Cheng et al. 2017), delayed mosquito
control program and transmission of asymptomatic infections (Li et al. 2016), etc.,
were responsible for the large outbreak. We used model (1) to simulate the reported
infected human data from the 2014 dengue outbreak in Guangdong Province and car-
ried out sensitivity analysis of the basic reproduction number in terms of the model
parameters. We believe that the warmer temperature and heavier rain in Guangdong
Province in the spring of 2014 increased the mosquito population dramatically. After
the importation of dengue cases from Southeast Asia, the large mosquito population
made the transmission rates between mosquitoes and humans and the vertical trans-
mission rate in mosquitoes unusually high, and thus caused the large-scale outbreak
of dengue fever in Guangdong Province in the fall of 2014.

The monthly reported human dengue cases of Guangdong Province exhibit peri-
odical pattern, with the highest incidence in September and October and the lowest
in January (HDGP 2014). It is related to the seasonal change in the populations of
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mosquitoes. Therefore, some parameters should depend on time # when we consider
the transmission monthly. It would be interesting to study the seasonal transmission
of dengue virus in Guangdong Province.
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